We introduce the new concept of joint nonlinear complexity for multisequences over finite fields and we analyze the joint nonlinear complexity of two families of explicit inversive multisequences. We also establish a probabilistic result on the behavior of the joint nonlinear complexity of random multisequences over a fixed finite field.
Introduction
There is a well-developed area that studies sequences over finite fields from the complexitytheoretic standpoint, with a view towards applications in cryptography and pseudorandom number generation. We refer to the recent handbook article [15] for a concise survey of this area. For applications that involve parallelization, such as word-based stream ciphers and pseudorandom vector generation, it is necessary to use multisequences over finite fields. The complexity analysis of multisequences over finite fields has so far concentrated on the consideration of the joint linear complexity and of closely related complexity measures for multisequences (see again [15] ). In this paper, we introduce and analyze joint nonlinear complexities of multisequences over finite fields.
We use the standard notation F q for the finite field with q elements, where q is a prime power. We abbreviate a sequence σ 0 , σ 1 , . . . of elements of F q by (σ i ) ∞ i=0 . For an integer m ≥ 1, an m-fold multisequence over F q consists of m parallel streams of sequences of elements of F q . A multisequence may also be regarded as a sequence of vectors, and this viewpoint will be useful in Section 4. Strictly speaking, for m = 1 we have the case of a single sequence and not that of a multisequence in the usual sense, but we include the case m = 1 for the sake of completeness. A single sequence is therefore viewed as a 1-fold multisequence. Definition 1. Let Z = (Z (1) , Z (2) , . . . , Z (m) ), Z (j) = (σ
, 1 ≤ j ≤ m, be an mfold multisequence over the finite field F q and let k, n ∈ N. The nth joint nonlinear complexity of order k of the m-fold multisequence Z, denoted by N (m) k (Z, n), is the smallest c ∈ N for which there exists a polynomial f ∈ F q [x 1 , . . . , x c ] of degree at most k in each variable such that
This definition actually refers to the case where not all the first n terms of all sequences
k (Z, n) in Definition 1 makes sense also if Z is a finite m-fold multisequence over F q of length at least n. We always have
Remark 2. In Definition 1 it suffices to consider the case where 1 ≤ k ≤ q − 1. This follows from the well-known fact that, as a map, any polynomial f : F c q → F q can be represented by a polynomial over F q in c variables of degree at most q − 1 in each variable (see [8, pp. 368-369] ). Thus, for k ≥ q − 1 all joint nonlinear complexities N q−1 (Z, n) is equal to the nth maximum-order complexity introduced by Jansen [5] and studied further in [3] , [6] , [7] , [9] , [10] , and [17] . For arbitrary m ≥ 1, it is reasonable to call N (m) q−1 (Z, n) the nth joint maximum-order complexity of Z. The definition in [6, Definition 1] may be viewed as a previous notion of joint maximum-order complexity.
We apply the joint nonlinear complexities in Definition 1 to the analysis of the wellknown family of explicit inversive pseudorandom sequences. We show that, by combining suitably chosen explicit inversive pseudorandom sequences into multisequences, we can construct multisequences with high joint nonlinear complexities. Sections 2 and 3 contain appropriate constructions and results for two different types of explicit inversive pseudorandom sequences. In Section 4, we establish a benchmark result on the behavior of joint nonlinear complexities of random multisequences over F q .
2 Explicit inversive pseudorandom number generator with period q For a prime p and a positive integer r, let q = p r . We identify the finite prime field F p with the set Z p := {0, 1, . . . , p − 1} ⊂ Z with arithmetic modulo p. For a fixed basis {γ 1 , γ 2 , . . . , γ r } of F q over F p , we define
with n 1 , n 2 , . . . , n r ∈ Z p .
We extend the definition of the ξ n periodically with period q, so that we have ξ n+q = ξ n for all n ≥ 0. We define an m-fold multisequence S r = (
Note that S r is periodic with least period q. For m = 1 and r = 1 this generator was introduced in [2] and for m = 1 and arbitrary r in [16] . The linear complexity profile of this single sequence has been analyzed in [12] (see [15] for the definition of the linear complexity profile). In [12] , again for m = 1, the nonlinear complexity profile (see [12] and [17] ), which is a less general concept than the concept in Definition 1, has been investigated for the explicit inversive pseudorandom number generator (2) . The nonlinear complexity profile for some recursively defined generators has been estimated in [4] . For m greater than 1, the generator (2) was first considered in [14] , where bounds on its joint linear complexity profile have been established (see again [15] for the definition of the joint linear complexity profile).
The objective in this section is to analyze the nth joint nonlinear complexity of order k of the m-fold multisequence (2) . To the best of our knowledge, this is the first treatment of the joint nonlinear complexity of a concrete multisequence generator.
We put
For any α ∈ F q , let
be the unique representation of α as a linear combination of the basis elements γ 1 , γ 2 , . . . , γ r . Then we define
For later use, we note that ||α|| = || − α|| for all α ∈ F q .
Let m be an integer with 1 ≤ m ≤ q − 1. We choose pairwise distinct elements β 1 , . . . , β m ∈ F * q . For m ≥ 2 we define the minimum distance d r between β 1 , . . . , β m as
For m = 1, by convention d r := q. Note that we always have 1 ≤ d r ≤ q. We also remark that our definition of d r is a corrected version of the definition in [14] . The results in [14] on the joint linear complexity profile hold with our definition of d r .
Theorem 1. Let S r be an m-fold multisequence over F q of the form (2) with 1 ≤ m ≤ q − 1 and pairwise distinct β 1 , . . . , β m ∈ F * q . Then for integers 1 ≤ k ≤ q − 1 and 1 ≤ n ≤ q − 1, the nth joint nonlinear complexity of order k of S r satisfies
Proof. We fix k, m, and n, and so we may use the abbreviated notation N (m)
First we consider the case where n < c
Then for those integers 0 ≤ i ≤ n − c − 1, 1 ≤ j ≤ m, for which ξ i+l + β j = 0 for all l = 0, 1, . . . , c, we have
We exclusively consider those integers i, 0 ≤ i ≤ n − c − 1, for which we additionally have
Consequently, all elements of the form
such that
are zeros of the rational function
We may suppose that c < d r (and thus c < q), for otherwise the lower bound in the theorem holds trivially. Then −ξ c is not a pole of f
To estimate the number of elements of the form (5), we define integers 0 ≤ v < r, 0 ≤ w < r, 1 ≤ N v < p, and 1 ≤ L w < p by
Since c ≤ n, we have w < v or w = v and
We show next that the elements ξ i + β j in (5), with i as in the preceding paragraph, are all distinct if n < c + d r + 1. So suppose that ξ i 1 + β j 1 = ξ i 2 + β j 2 with 1 ≤ j 1 , j 2 ≤ m and j 1 = j 2 . Then
where e w , e w+1 , . . . , e v ∈ Z p , 0 ≤ e w ≤ p − L w − 1, and 0 ≤ e v ≤ N v − 1. Consequently,
which contradicts n < c + d r + 1. As a consequence, the rational function R has at least m
.
Secondly, we investigate the case where
As before, we want to show that the elements ξ i + β j in (5) are distinct if n < c + d r + 1, where
which is a contradiction. It follows that the rational function R has at least m(
Suppose that
Otherwise, we have
Altogether, assuming that n < c + d r + 1, we have
. . Now the desired lower bound on c is proved in all cases. ✷ 3 Explicit inversive pseudorandom number generator with period t Let F q be the finite field with q ≥ 3 elements, let t be a positive divisor of q − 1, and let γ ∈ F * q be an element of order t. Let m be an integer with 2 ≤ m ≤ q − 1. We choose pairwise distinct elements α 1 , . . . , α m ∈ F * q and an element β ∈ F * q . Then we define an m-fold multisequence Z = (
for i ≥ 0 and 1 ≤ j ≤ m.
Note that Z is periodic with least period t. The generator (9) has been introduced in [13] and its linear complexity profile has been investigated. In [14, Section 4] the nth joint linear complexity L (m) n (Z) of the multisequence (9) has been analyzed. In particular, it has been shown that some of those multisequences satisfy L (m) n (Z) ≥ mn/(m + 1) for small values of n, i.e. they exhibit a perfect joint linear complexity profile (cf. [18] ). Lower bounds on the nth nonlinear complexity of order k, defined as in Definition 1 for m = 1, of the generator (9) were obtained in [17] . The results slightly improve bounds for the generators in [4, 12] . In this section, an analysis of the nth joint nonlinear complexity of order k of the generator (9) is given for arbitrary values of m ≥ 2. The results suggest that the multisequences (9) also possess an excellent behavior with respect to joint nonlinear complexity.
For ξ ∈ F * q we define
and ||ξ|| t = t if ξ does not belong to the cyclic subgroup γ of F * q generated by γ. Furthermore, we define
Note that we always have 1 ≤ δ t ≤ t.
Theorem 2. Let γ ∈ F * q with q ≥ 3 be an element of order t and let Z be an mfold multisequence over F q of the form (9) with 2 ≤ m ≤ q − 1. Then for integers 1 ≤ k ≤ q − 1 and n ≥ 1, the nth joint nonlinear complexity of order k of Z satisfies
Proof. Since the joint nonlinear complexity of order k is invariant under the termwise multiplication of all component sequences with a fixed element from F * q , we may assume that β = 1. We fix k, m, and n, and we write c = N
Consequently, for those integers 0 ≤ i ≤ n − c − 1 and indices j for which α j γ i+l = 1 for 0 ≤ l ≤ c, we have
Hence all elements of the form
We can suppose that c < t. Then the element γ −c is not a root of H(z) and consequently not a root of H(z) − (γ c z − 1)G(z). Hence R(z) = 0 ∈ F q (z). Write R in reduced form as g/h with g, h ∈ F q [z] and gcd(g, h) = 1. By the definition of R we have deg(g)
Hence g has at least m(n − c) − (c + 1) roots. It follows that
and so c ≥ (mn − 2)/(k + m + 1). If n > δ t + c, then all mδ t elements α j γ i , 0 ≤ i < δ t , 1 ≤ j ≤ m, are distinct, and so g has at least mδ t − (c + 1) roots. It follows that c ≥ (mδ t − 2)/(k + 1). ✷
For the case where t < q − 1, the bound in Theorem 2 can be improved if all α j , 1 ≤ j ≤ m, are chosen not to be in the coset β γ of γ . Corollary 1. Let γ ∈ F * q with q ≥ 3 be an element of order t < q − 1, let α j ∈ F * q \ β γ for 1 ≤ j ≤ m, and let Z be an m-fold multisequence over F q of the form (9) with 2 ≤ m ≤ q − 1 − t. Then for integers 1 ≤ k ≤ q − 1 and n ≥ 1, the nth joint nonlinear complexity of order k of Z satisfies
Proof. As in the proof of Theorem 2, we can assume that β = 1. Since we then suppose that α j γ r = 1 for all 1 ≤ j ≤ m and for all integers r, we need not subtract c+1 when estimating the number of roots of g in the proof of Theorem 2. Consequently, if n ≤ δ t + c, then g has at least m(n − c) roots, and so c ≥ (mn − 1)/(k + m). If n > δ t + c, then g has at least mδ t roots, and hence c ≥ (mδ t − 1)/k. ✷
A probabilistic result
We establish a probabilistic result on the behavior of joint nonlinear complexities of random multisequences over the finite field F q , where q is an arbitrary prime power. For a positive integer m, the set of all m-fold multisequences over F q can be identified with the set (F 
Proof. We fix k, m, and q throughout the proof. For n, r ∈ N with r ≤ n, let T (m) k,n (r) be the number of m-fold multisequences Z n over F q of length n with N (m)
k,n (r) is (not necessarily uniquely) determined by a polynomial f ∈ F q [x 1 , . . . , x r ] of degree at most k in each variable and by initial vectors s 0 , s 1 , . . . , s r−1 ∈ F m q in a vector recursion
Here we have written a recursion of the form (1) in vector notation in an obvious manner, i.e., the polynomial f operates on each of the m components of the vectors s i , s i+1 , . . . , s i+r−1 . The number of possibilities for f is q (k+1) r and the number of possibilities for the r initial vectors from F m q is q mr . Therefore
Now we fix ε > 0 and put B n = log(mn) log(k + 1) − ε for n = 1, 2, . . .
k (Z, n) depends only on the first n terms of Z, the bound (10) yields
for sufficiently large n. The definition of B n implies that
and so for some 0 < δ < 1 we have (k + 1)
Bn + mB n − mn < −δn for sufficiently large n. It follows then from (11) that k (Z, n) for random m-fold multisequences Z over F q is log(mn), it is clear that the multisequences in Sections 2 and 3 can be said to have high joint nonlinear complexity under suitable conditions on their parameters.
